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Abstract
The aim of this study group is to contribute to the mathematical modelling and numerical simulation of a slag heating furnace. Two parallel
studies were performed; one on numerical simulation of the process
using a Finite Element Method software, while the other focused on
non-dimensional thermal analysis of an electrode.

Both studies pro-

vided preliminary results which are important stepping stones for a
broad understanding of process relevant issues related to scale-up.
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1. Introduction
Teknova AS is a research institute for science and technology established in
2007 in the southern part of Norway. Among its primary objectives is to create
a bond between the University of Agder, Agder Research, and the industry and
commerce in the region and outside.
Recently, Teknova, in cooperation with several business and research partners, started a project funded with 3 million NOK (around 375 000 EUR)
by the Regional Research Fund Agder.

The project focuses on ecient de-

velopment of metallurgical processes from laboratory to pilot scale through
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mathematical modelling tools and methods that safeguard the critical process
capabilities during scale-up.

The research is performed in close cooperation

with researchers in production companies, and is based on cases provided by
the industry itself.
The industrial project partners have excellent facilities for piloting of metallurgy and other processing. The companies are members of the Eyde-network
that was established as an important cluster organization and motor for industrial development in South-Norway in 2007. Currently, the cluster companies
are establishing the Eyde Innovation Centre which will constitute the core of
their common research activities. Teknova cooperates closely with the Eyde
cluster and intends, among others, to supply relevant mathematical models,
simulations tools and know-how for proper scale-up.
The problem presented to the ESGI 97 lies in this context and it is related
to the electric scale-up for a slag heating furnace. A more detailed description
is given in the next section.

2. Challenge description
Consider a possible slag process where the slag is more heavy than the metal.
Consider a cylindrical reactor with side electrodes. For an experimental lab/pilot
furnace a four electrode system with power control of two electric circuits is
considered, compared to a three-phase alternative. For an industrial or large
pilot, only a three-phase system seems appropriate. A schematic side-view of
a reactor electrode is given in Fig. 1.
The focus of the study group was on the electrical part of a possible reactor
and how to do a proper electrical scale-up. More precisely,

•

Possible issues/problems going from a four-electrode system to threephase electrodes.

•

How to scale up the power for a three-phase reactor from typical lab
scale, via pilot, to small industrial scale.

The group split into two teams examining dierent aspects of the problem.
On one hand, the mathematical modelling and numerical simulation of the
electromagnetic process.

On the other, the statement of a nondimensional

model dealing with the thermal phenomena.

3. Study of the electromagnetic problem
3.1. The time-harmonic eddy currents model
To calculate the electromagnetic eld we must solve Maxwell's equations. Since
the electrodes are supplied with a sinusoidal current and the medium is as-
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Figure 1:

Close-up of one of the reactor electrodes.

sumed to be magnetically linear, the time harmonic approach is used. Thus,
we can consider that all elds vary harmonically with time on the form

F(x, t) = Re [eiωt F(x)],
where

t

is time,

x ∈ R3

is the spatial variable,

the complex amplitude of eld

F

and

ω

i

(1)

F(x) is
ω = 2πf , f

is the imaginary unit,

is the angular frequency,

being the frequency of the alternating current.
Moreover, in the low-frequency harmonic regime, the term in Ampere's
law including the electric displacement can be neglected (see, for instance,
reference [4]).
Under these assumptions, the Maxwell's equations reduce to the so-called

eddy current

model

curl H = J,

(2)

iωB + curl E = 0,

(3)

div B = 0,

(4)

to which we have to add the data of the intensity current, I, owing in the
electrodes. Equations (2)-(4) hold on the whole space

R3 .

The vectorial elds

H, J, B and E are the complex amplitudes associated with the magnetic eld,
the current density, the magnetic induction and the electric eld, respectively.
The system above needs to be completed by the constitutive relation

B = µH,

(5)
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which take into account material properties through their magnetic permeability

µ.

We also need Ohm's law

J = σE,
where

σ

(6)

denotes the electric conductivity, which is assumed to be a positive

constant in conductors and null in dielectrics.
We notice that, since

ω 6= 0,

equation (4) follows from equation (3). As we

will see later, equations (2) and (3) can be solved using a suitable formulation
leading to

H

J in conductors. Then, E can be
E = J/σ . In this case, solving for E in

in the whole domain and

uniquely determined in conductors by

the dielectrics is not required since it is not relevant for this problem.
To solve the equations above, we restrict them to a simply connected 3D
bounded domain

Ω consisting of two disjoint parts, ΩC and ΩD, occupied by con-

ductors (the slag and electrodes) and dielectric (air), respectively (see Fig. 2).
The domain

Γ.

Ω

is assumed to have a Lipschitz-continuous connected boundary

We denote by

ΓC

and

ΓD

the outer boundary of the conducting domain and
dielectric domain. We also denote by

Figure 2:

Γ̄C := ∂ΩC ∩ Γ is
Γ̄D := ∂ΩD ∩ Γ that of the

the open surfaces such that

n a unit normal vector to a given surface.

Sketch of the domain and nomenclature used in the mathematical model.

We assume that the outer boundary of the conductor
connected components

ΓCn ,

∂ΩC ∩Γ has L disjoint

being the closure of open surfaces of two types:

surfaces where the current intensity is prescribed (for instance

ΓC2

or

ΓC3

in

1
Fig. 2), or surfaces where the potential is given (boundary Γ in Fig. 2). We
C
1
L
denote Γ := Γ ∪ · · · ∪ Γ . Notice that for this particular problem L = 4 or 5
C

C

C

depending on whether we consider 3 or 4 electrodes.
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We have to complete the model with suitable boundary conditions. Let us
consider the following ones:

E×n=0

on

ΓC,

(7)

µH · n = 0

on

Γ.

(8)

Condition (7) means that the electric current enters domain

Ω perpendicular to

the boundary whereas condition (8) implies that the magnetic eld is tangential
to the boundary.
Let us suppose that the boundary data consist of the voltage drops Vn ,
b and the input current intensities through each surface Γn , In ,
n = 1, . . . , L,
C
b + 1, . . . , L. We notice that the latter can be written as
n=L
Z
b + 1, . . . , L.
J · n dA = In , n = L

for
for

Γn

C

We summarize the strong problem dened in

Ω

to be solved:

iωB + curl E = 0,

(9)

curl H = J,

(10)

div B = 0,

(11)

B = µH,

(12)

J = σE,

(13)

E×n=0

on

ΓC,

(14)

µH · n = 0

on

Γ,

(15)

n
V = VC

on

b
ΓCn , n = 1, . . . , L,

(16)

Z
J · n dA = In ,
Γn

b + 1, . . . , L.
n=L

(17)

C

3.2. Magnetic vector potential/scalar electric potential formulation
Many formulations and nite element techniques to solve eddy current problmes in three dimensional bounded domains can be found in the literature (see
[1, 3]. Here, we have chosen that based on the scalar and the magnetic vector
potential.
Firstly, from (11), (15) and [6, Theorem 1.3.6 ] we deduce the existence of
a vector eld

A ∈ H(curl, Ω)

called magnetic vector potential such that

curl A = B

in

div A = 0

in

A×n=0

on

Ω,

(18)

Ω,

(19)

Γ.

(20)
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The latter equality guarantees boundary condition (15) (see [2])
By replacing (18) in (9) we obtain

curl(iωA + E) = 0

Ω,

in

and then, in particular, there exists a scalar potential

iωA + E = − grad V

in

V

such that

Ω.

(21)

Therefore, the magnetic and electric elds can be written in terms of these
potentials as follows:

E = − iωA − grad V,
1
H = curl A.
µ
From (14) and (20) we deduce

gradΓ V := n × grad V × n = −n × E × n = 0
which implies that

V

on

ΓC,

must be constant on each connected component of

ΓC.

From (9), (12), (13) and (21) we deduce

1
σ(iωA + grad V) + curl( curl A) = 0
µ
We notice that, since

σ=0

in

ΩD,

in

Ω.

we only need to compute

V

(22)
in

ΩC.

Finally, from (13) and (21), boundary conditions (17) become

Z
σ(iωA + grad V) · n dS = −In ,
Γn

b + 1, . . . , L.
n=L

(23)

C

Summarizing, the problem to be solved reads as follows:

b and In , n = L
b + 1, . . . , L, nd
Given complex numbers VCn , n = 1, . . . , L
a vector eld A dened in Ω, and a scalar eld V dened in ΩC and null on
b + 1, . . . , L, such that
ΓCn , n = L
1
σ(iωA + grad V) + curl( curl A) = 0 in Ω,
µ
div A = 0 in Ω,

(24)
(25)

A×n=0

on

Γ,

(26)

σ(iωA + grad V) · n = 0

on

∂ΩC \ ΓC,

(27)

n
V = VC

on

b
ΓCn , n = 1, . . . , L,

(28)

Z
Γn

b + 1, . . . , L.
σ(iωA + grad V) · n dS = −In , n = L

C

For more details about this formulation, we refer the reader to [2].
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3.3. Numerical simulation
In this section we present some results obtained from the numerical simulation
of the problem. All FEM models, meshes and calculations were performed with
the Comsol Multiphysics

r 4.3 software, and in particular with the AC/DC

module.

3.3.1 Geometry denition
A simple sketch of the reactor is composed by a pot, which contains the slag
and a metal layer above the slag, and graphite electrodes.

In order to deal

with a more simple geometry, neither the pot nor the metal above the pot
have been included. Instead, suitable boundary conditions have been considered.

Thus, the domain reduces to the slag and to the electrodes carrying

the electric current. We will consider the case of systems consisting of four or
three electrodes. In order to perform suitable FEM numerical computations,
this domain has been enclosed in a cylindrical articial domain containing air
around the device as illustrated in Fig. 3.

Figure 3:

Computational domain for the four electrode conguration.

Moreover, the geometry has been constructed according to certain parameters that allow greater exibility in the study. These parameters have been
included in Fig. 4 and summarized in Table 1. In the four electrode system the
angle

θ

◦

between the electrodes has been set equal to 60 , while for the alterna-

tive three electrode conguration they are disposed conforming an equilateral
triangle.
The domain has been discretized into tetrahedral elements (see Fig. 5).
As it is well-known, the quality of the mesh is crucial to obtain an accurate
solution with a reduced number of elements and so a reasonable computational
time. Thus, in electrode contact areas, where the current density is higher, the
mesh density is rened (see Fig. 5). In the four-electrode case, the complete
mesh consists of

174812 elements and 1354563 degrees of freedom, while for the
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Sketch of a possible lab reactor. Parameters considered when constructing
the geometry are detailed. Electrode pairs 1-3 and 2-4 are connected to dierent
transformers.
Figure 4:

Figure 5:

Mesh of the domain and detail in the electrodes contact areas.

three electrode conguration

132001

elements and

338087

degrees of freedom

are considered. These meshes could probably be improved, but due to time
constraints the working group did not consider this task. Even so, in the threeelectrode case, we have compared the volumetric resistive losses obtained from
dierent meshes to verify that the results are relatively accurate.
When working with alternating current, the electric current tends to become distributed within a conductor in such a way that the current density is
higher near the surface of the conductor. This fact is called skin eect. The
skin depth,

δ

is dened as the depth below the surface of the conductor at

which the current density has fallen to

1/e

from its value at the surface and in

normal cases it is well approximated by the formula

r
δ'

1
.
πµσf

(30)

If the skin eect takes place, the skin depth is an important parameter to
take into account when building the mesh if one wants to reproduce the eld
near the surface in an appropriate way.
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Parameter

dt
ht
he
de
le
la
ha

Description

Value (mm)

Tank diameter

1200

Tank height

1400

Electrode height from tank bottom

500

Electrode diameter

200

Electrode length in tank

150

Electrode length in air

1000

Air height below tank

1000

Table 1:

Geometrical data for the simulations.
Parameter
Frequency
Intensity

Table 2:

Value
50 Hz
14000 A

Operation conditions.

computations, since skin eect is not relevant.

Indeed, for a 50 Hz working

frequency, the skin-depth in the graphite is around 258 mm and the diameter
of the electrode is 200 mm.

The same occurs in the slag: the skin-depth is

about 4768 mm and the dimensions considered in the simulation are smaller
than this quantity (see Tables 1 and 3).

3.3.2 Operational conditions and physical parameters
The operational conditions chosen for the simulations are summarized in Table 2.

These data and the data considering the geometry considered in the

previous section, are reasonable for a potential pilot but do not correspond to
actual plans. In the modelling example, the RMS value of the electrode currents is

I = 14000

A. In the four data electrode conguration, every electrode

pair has its own independent supply source (electrode pairs 1-3 and 2-4 are
connected to dierent transformers). It means that the current trajectory in
the slag can close only in the limitations of one source, so the currents ow
from lower electrodes to opposite upper electrodes. In the three-electrode system, the electrode currents are the same with

120◦

phase delay among them

(three-phase current).

r is the current density at

The input data given to Comsol Multiphysics

the entry of each electrode which is computed as the quotient of the intensity
and the input surface area. Thus, the current density is xed and assumed to
be homogeneously distributed on the input surface. Actually, induced currents
contribute signicantly to a non-uniform current distribution on this surface;
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Material

Rel. permeability

Skin depth (mm)

104

258
4768

24 ·

1
1
1

Graphite
Slag
Air
Table 3:

Conductivity (S/m)

700
0.00001

Values of physical properties of materials and skin depth at 50 Hz.

this fact has not been considered in the present model due to software package
constraints. Anyway, the error in current distribution only aects the part of
the electrode close to its entry surface
Table 3 lists the values assigned to the physical properties for the dierent
materials and the skin depth in conductors at a frequency of 50 Hz.
We note that the electrical conductivity assigned to air is not zero, but
rather very small. Again this was motivated by some restrictions derived from
the model used by the numerical simulation in Comsol Multiphysics

r.

To

the study group's best knowledge, the A-V formulation implemented in this
software does not allow to solve for two dierent domains (conductor and air)
simultaneously. This is the motivation for solving the problem as if the whole
domain were a conducting domain, but assigning a small conductivity to the
air. In fact setting

σ=0

in the air leads to a singular matrix, and therefore

the algebraic system resulting from the FEM formulation cannot be solved.

3.3.3 Boundary conditions setting
One of the main diculties in studying the eddy current problem in a bounded
domain is dening appropriate boundary conditions.

These conditions must

be mathematically suitable for the problem to be well posed, but at the same
time physically realistic in the sense of involving only data actually attainable
in practical scenarios.
The boundary conditions have been summarized in Fig. 6. In all the exterior boundaries of the domain the

Magnetic Insulation (A × n = 0)

bound-

r ). This

ary condition is imposed (default condition in Comsol Multiphysics
condition forces the eld

B

to be tangential to the exterior boundaries, which

with the cylindrical shape of the outer domain is a reasonable approximation

r automatically applies this boundary condi-

to reality. Comsol Multiphysics

tion through the exterior boundary of the domain. A supplementary boundary condition is needed in order to obtain a unique potential V. By default,
Comsol Multiphysics

r uses the

Electric Insulation (J · n = 0)

boundary

condition, which we impose on the boundary corresponding to the air.

On

the input surface of each electrode the current density is given by imposing a

Normal current density

boundary condition (−n

· J = Ji ).

In fact, follow-

ing the model stated in Section 3.2, the data would be the intensity instead of
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the current density. As we have mentioned before, this would allow to compute the true current distribution in the electrodes instead of assuming that
it is uniformly distributed on the entry surface.
the reactor the potential is given via the

Finally, on the top part of

Electric potential

option and we

choose V=0. The reason is that, on one hand, the potential is constant on this
boundary and, on the other, the potential is dened up to a constant on each
connected component of the conducting domain (see Section 3.2). Then, on
one boundary of each connected component we can set V=0.

Magnetic insulation

A×n=0

Electric potential V=0

Electric insulation

J·n=0

Normal current density

−n · J = Ji

Figure 6: Boundary conditions.

3.3.4 Numerical results for the four-electrode conguration
As mentioned in the previous section, for this case we have two separate electrode pairs supplied with 50 Hz AC single phase power.
In Figures 7 and 9 we show the Joule eect (or resistive losses) in the slag
and electrodes, respectively, by using a slice plot. Figure 8 also shows the Joule
eect in the slag but for demonstration purposes the maximum values of the
eld have been removed. In Figures 10, 11 and 12 a horizontal view has been
employed to illustrate the Joule eect in the electrodes and slag. Figures 13
and 14 show the current density in the slag from dierent plane views.
From these pictures we deduce that the resulting current distribution within
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Figure 7:

Figure 8:

Joule eect (W/m3 ) in the slag. yz view.

Joule eect (W/m3 ) in the slag. Scale range. yz view.

the slag is aected by the mutual inuence of neighbouring electrodes of the
magnetic elds, the so-called proximity eect. This eect is more obvious in
the parts of the electrodes closer to the neighbouring electrodes. This is not
the case in the three-electrode conguration (see Fig. 19) where the resistive
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Figure 9:

Figure 10:

Joule eect (W/m3 ) in the electrodes. yz view.

Joule eect (W/m3 ) in the electrodes. Horizontal view

losses are symmetrically distributed with respect to the meridional plane of
the electrodes.
The aforementioned images were obtained from the values of the geometrical parameters stated in Table 1.

In Fig. 14 we have also represented the
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Figure 11:

Joule eect (W/m3 ) in the slag. Scale range. Horizontal view

Figure 12:

Current density norm (A/m2 ) in the slag. Horizontal view

current density by assuming that the parameter
Fig. 13.

ht

is smaller than that of

This new computation represents a situation where the amount of

slag in the pot is less than in the previous case. As we can see, in this case
more current ows from the electrodes to the metal. Again, for presentation
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Figure 13:

Figure 14:

Current density norm (A/m2 ) in the slag for ht =1400 mm.

Current density norm (A/m2 ) in the slag for ht =900 mm.

purposes we have removed the maximum values of the eld.
Due to the geometry parametrization, as highlighted, these kinds of changes
in geometry are quite easy to make.
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3.3.5 Numerical results for the three-electrode conguration
In this section we show some of the results obtained from the numerical simulation of the three-electrode system (see Fig. 15) when considering the geometrical and physical parameters summarized in Tables 2 and 3.
Since, we know the current intensity owing through each electrode, we provide the RMS value of the alternating current and the phase in each electrode,

◦

with a counterclockwise advance of phase of 120 . Recall that, as mentioned

r is the current density.

in Section 3.3.2, the data used in Comsol Multiphysics

Figure 15:

Domain with the three-electrode conguration.

Figure 16:
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Figure 17:

Figure 18:

Joule eect (W/m3 ) in the electrodes

Joule eect (W/m3 ) in the electrodes. Horizontal view

The Joule eect in the slag and in the electrodes is shown in Figures 16
and 17.

In Fig. 16 we have removed the maximum values of the eld for

demonstration purposes.

Figures 17 and 18 show the resistive losses in the

electrodes from dierent plane views; Fig. 19 shows resistive losses in the slag.
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Figure 19:

Joule eect (W/m3 ) in slag. Scale range. Horizontal view

3.3.6 Some other results for the three-electrode system
In this section we show the resistive losses dissipated in the dierent parts of
the three-electrode system while changing some of the geometrical parameters
stated in Table 1. First, in Table 4 we consider dierent values for the parameters

dt

and

de ,

the diameter of the slag tank and the electrodes, respectively.

de
losses increase with dt . Analogously, for dt
and the total losses increase with de .

We can deduce that, for a xed value of

de
(mm)
200

400

Table 4:

dt .
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resistive losses in the slag and total
xed, the resistive losses in the slag

dt =1200

dt =1400

(mm)

(mm)

Region

3.83933E+04

3.85337E+04

electrodes

3.10438E+05

3.28754E+05

slag

1.02500E−02

1.10100E−02

air

3.48831E+05

3.67288E+05

total

1.86131E+05

1.84224E+05

electrodes

2.89721E+06

3.30162E+06

slag

6.36200E−02

7.76100E−01

air

3.08334E+06

3.48584E+06

total

Resistive losses (W/m3 ) in the three-phase system when changing de and

Electric scale-up for a slag heating furnace
ht =1400

ht =2200

(mm)

(mm)

electrodes

3.83933E+04

3.83974E+04

slag

3.10438E+05

3.11171E+05

air

1.02500E−02

1.07700E−02

total

3.48831E+05

3.49568E+05

Region

Table 5:

Resistive losses (W) in the 3 three-phase system when changing ht .

Region

electrodes

actual values

doubling values

(mm)

(mm)

3.83933E+04

3.56964E+05

slag

3.10438E+05

2.86458E+06

air

1.02500E−02

1.04540E−01

total

3.48831E+05

3.22154E+06

Resistive losses (W) in the three-phase system when doubling all geometrical
parameters.
Table 6:

four electrode system

6.60223E+05

three electrode system

3.48831E+05

Table 7: Resistive losses (W) for the dierent congurations. Parameters values as
in Table 1.

On the contrary, from Table 5, we deduce that as parameter

ht

increases

the resistive losses are practically the same.
In Table 6 we compare the losses when using the reference values stated in
Table 1 with these values doubled. The losses are multiplied approximately by
a factor of 10.
Table 7 summarizes the total resistive losses for both the four and threeelectrode congurations, for geometrical and operation parameters detailed in
Tables 1 and 2. These results show that, for the same parameter values, the
three-phase system dissipates less power than the four-electrode one.
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4. Thermal study for a single electrode
4.1. Mathematical model
In this section we consider the temperature evolution of one of the electrodes.
Due to the physical description of the electrode we use a cylindrical coordinate
system

(r∗ , θ∗ , z ∗ )

aligned with the cross section of the electrode, as shown in

Fig. 1. We note that the

∗ notation denotes dimensional variables. The length

and radius of the electrode are denoted

L and R, respectively. The electrode is
z -axis. The ends of the electrode

aligned such that its axis coincides with the
are located at

z∗ = 0

and

z ∗ = L.

The steady state temperature,

T ∗ , in the electrode is modelled via the heat

equation

1 ∂
r∗ ∂r∗







∂T ∗
1 ∂
∂T ∗
∂
∂T ∗
k ∗ (T ∗ )r∗ ∗ + ∗ 2 ∗ k ∗ (T ∗ ) ∗ + ∗ k ∗ (T ∗ ) ∗ +Q = 0 ,
∂r
∂θ
∂z
∂z
r ∂θ
(31)

∗
∗
where k (T ) is the temperature dependent thermal conductivity and

Q is the

Joule heating source term given by

Q=
where
[5].

θ∗

σ

|J 2 |
,
2σ

(32)

J

is the amplitude current density

is the electrical conductivity and

Assuming a uniform temperature around the electrode, we neglect the
dependence in the model, and hence, the

θ∗

partial derivative in (31) is

ignored.
To complete the model, at the surface of the electrode we prescribe Newton's law of cooling boundary conditions of the form

−k ∗ (T ∗ )
where

h

∂T ∗
= h(T ∗ − TA ) ,
∂n∗

is the surface heat transfer coecient and

TA

(33)

is the ambient temper-

ature of the surrounding medium. Inspection of Fig. 1 reveals that we require
conditions at the ends of the electrode

z∗ = 0

and

z ∗ = L.

In addition,

boundary conditions are needed at the curved surface of the electrode. These
particular boundary conditions will depend on the surrounding medium, i.e.,
the slag or the outer casing of the reactor.

Hence, there is a discontinuity

in the boundary condition on the curved surface of the electrode. This suggests the use of a numerical method to solve for the temperature distribution
of the electrode. We ignore this method here, and instead focus on a simple
dimensional analysis.
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4.2. Nondimensionalisation and dimensional analysis
The method of nondimensionalisation is applied to reduce the number of physical parameters, and simplify the model. We dene the dimensionless variables

r∗ = rR ,
where

z ∗ = zL ,

k ∗ = k0 k ,

T ∗ = ∆T T ,

(34)

k0 is a reference thermal conductivity and the temperature scale ∆T is as
θ dependence and substituting the dimensionless

yet unknown. Neglecting the

variables into (31) yields the dimensionless heat equation

1 ∂
r ∂r
where

 = R/L





∂
∂T
∂T
|J 2 |R2
k(T )r
+ 2
k(T )
+
= 0,
∂r
∂z
∂z
2σk0 ∆T
is the electrode aspect ratio.

(35)

The radius and length of the

2

electrode are 0.1m and 0.3m, respectively, and hence |

 1.

Consequently,

equation (35) can be simplied to

1 d
r dr



dT
|J 2 |R2
k(T )r
+
+ O(2 ) = 0 .
dr
2σk0 ∆T

(36)

Assuming the thermal conductivity is temperature independent, (35) can be
rewritten as

1 d
r dr



dT
|J 2 |R2
r
+
= 0,
dr
2σk ∗ ∆T

k ∗ = kk0 .

where we have exploited

(37)

By assuming the electrical conductivity

to be constant and large skin depth (30) compared to the electrode radius

R,

the current density

the electrode.

J

will not vary signicantly over the cross-section of

Thus, the last term in (37) is approximately constant.

The

temperature variation is driven by the source term in (37) and so we choose
the temperature scale to be

∆T =

|J 2 |R2
,
k ∗ 2σ

(38)

and hence (37) reduces to

1 d
r dr



dT
r
dr


+ 1 = 0.

(39)

The general solution to (39) is

T (r) = −
where

C0

and

C1

r2
+ C0 ln r + C1 ,
4

(40)

are integration constants. Given the appropriate boundary

conditions, (39) provides the temperature distribution in the electrode. The
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unknown constants depend on whether the electrode surface is in thermal
contact with the slag or the reactor casing.
Ignoring the precise details of (40) we return to the denition of the Joule
eect heat source term. The current density for the cross section of the electrode is

where

Irms

√
2Irms
J=
,
A

(41)

is the total rms current owing through the electrode and

A = πR2

is the cross-sectional area of the electrode. Hence, the temperature scale given
by (38) can be rewritten as

∆T =

2
Irms
.
π 2 R2 k ∗ σ

The above expression shows that for a xed

∆T ,

(42)
the current

I

is proportional

to the radius of the electrode.

5. Conclusions
The study group working in this problem focused on examining two dierent
aspects: on one hand, the mathematical modelling and numerical simulation of
the electromagnetic process; on the other, the statement of a nondimensional
model dealing with the thermal phenomena.
Concerning the electromagnetic problem, a mathematical model has been
proposed and some numerical computations performed. A parameterized code
that can be used to compute the solution for dierent geometrical and physical
parameters has been built using the Comsol Multiphysics

r software.

The

preliminary computations show that the same dimensions of the furnace and
same intensity, the three-phase system dissipates less power than a one-phase
conguration.
We considered a thermal model for the temperature evolution of a single
electrode. The dimensional analysis indicates a proportional relationship between the electrode radius and the current.

A discontinuity in the surface

temperature requires the use of an appropriate numerical simulation. In the
future the thermal model should be coupled with the electromagnetic problem
to obtain a complete description of the process.
The process taking place within the reactor is truly multi-physics, with
couplings between heat transfer, chemical reactions and electrical phenomena.
For a real study of the process a mathematical model including all these aspects
should be considered. In this sense, the thermal dimensionless model proposed
on the second part of this document is a rst step in this direction.
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