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Abstract

This talk presents an overview of my contributions to the mathematical justification of several elastovis-
coplastic models for beam-like structures using asymptotic techniques.

A beam is a slender cylindrical solid of the form Q¢ = w*® x (0, L), whose cross-sectional area A(w®) = ¢
is much smaller than its length, L. This geometric feature makes the direct numerical simulation of beam
structures by means of three-dimensional models computationally inefficient and often impractical.
Since the seventeenth century, considerable effort has been devoted to approximating the three-dimen-
sional fields (displacement u® and stress o) by combining one-dimensional models defined on (0, L)
with two-dimensional models posed on the cross-section w®. These reduced theories were originally
derived from a priori assumptions on the three dimensional fields, motivated by the fact that ¢ < L. The
best-known and simplest example is the Euler-Bernoulli hypothesis, according to which plane cross-
sections remain plane and perpendicular to the beam axis before and after deformation. This assump-
tion led to the classical Euler-Bernoulli theory for extension and bending (1740). Other well-known
classical theories include Saint-Venant’s theory for torsion (1855), Timoshenko’s theory for bending with
shear deformation (1921), and Vlasov’s theory for coupled bending—torsion effects (1964), among others.
Over the last few decades, our contribution has been to provide a rigorous mathematical justification for
these a priori assumptions and the corresponding reduced models using the well-established asymptotic
techniques for boundary-value problems involving a small parameter. The basic idea is to perform a
change of variable and a rescaling of the unknowns to a fixed reference beam 2 = w x (0, L), where w is
homothetic to w® and has unit area. The resulting problem has the following variational form:
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ap(u(e,v) + e 2ag(ule), v) + e tas(u(e),v) + ... = L(v), forall v € V(Q),

which is particularly well suited for the application of the asymptotic expansion method, with ¢ serving
as the small parameter.

The successive terms of the asymptotic expansion yield the classical beam theories mentioned above, but
in a generalized form that also reveals additional deformation effects, some of which were previously
unknown. We have adapted this methodology to both solid and hollow beams in elasticity, viscoplas-
ticity, viscoelasticity, piezoelectricity, frictional contact, and other models, including thin-walled profiles
of major industrial interest, for which a second asymptotic analysis on the cross-section is required.

References

[1] J.L. Lions, Perturbations Singuliéres dans les Problemes aux Limites en Controle Optimal, Lecture Notes
in Mathematics, Vol. 323, Springer-Verlag, Berlin, 1973.

[2] L. Trabucho, J. M. Viafio, Mathematical Modelling of Rods, in Handbook of Numerical Analysis, Vol. IV
(P.G. Ciarlet and ].L. Lions, Editors), pp. 487-974, North Holland, Amsterdam, 1996.

[3] J. M. Viano, C. Ribeiro, J. Figueiredo, A. Rodriguez-Arés, A high-order model for piezoelectric rods:
an asymptotic approach, Int. J. Solids Struct., 81, pp. 294-310, 2016.

Juan M. Viafio
Applied Math Dpt and CITMAga, University of Santiago de Compostela, 15782 Santiago de Compostela, Spain
e-mail: juan.viano@usc.es



