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Abstract

In this talk, we study the integrability of the two-dimensional projective connection and the related
Hamiltonian system for the geodesics of a two-dimensional (pseudo-)Riemannian manifold. We demon-
strate that there is a direct connection between the invariants of the projective vector fields and the rela-
tive Killing tensors of the Hamiltonian geodesic flow. This allows us to introduce the concept of gener-
alized Darboux first integrals and generalized Darboux integrability for both projective structures and
Hamiltonian systems for the geodesics. Furthermore, we propose an approach to construct generalized
Darboux integrable dynamical systems by solving equivalence problems with respect to nonlocal trans-
formations for the integrable projective equations. We consider several examples of these equivalence
problems and construct several families of integrable Riemannian metrics with generalized Darboux
first integrals. This talk is based on three recent joint works with Jaume Giné
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[2] J. Giné, D. Sinelshchikov, Integrability of Oscillators and Transcendental Invariant Curves, Qual.
Theory Dyn. Syst. 24 (2025) 26.
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